Besov spaces of holomorphic functions in tubes over cones have been recently defined by Békollé et al. in [9]. In this paper we show that Besov p-seminorms are invariant under conformal transformations of the domain when n/r is an integer, at least in the range 2 − r/n < p ≤ ∞.
Introduction
In the upper half plane H = z = x + iy ∈ C : y > 0 , when 1 < p ≤ ∞, the analytic Besov p-space, B 
where m is the smallest integer so that m > 1/p. In this case there is also an equivalent seminorm so that (1.1) holds, although the proof is harder (see [4] or [14, Thm 5.18] ). This family of analytic Besov spaces (actually in the unit disc setting) was extensively studied in the 80's by Arazy, Fisher and Peetre [4, 5, 6, 7] (see also the text by K. Zhu [14] ). The Möbius invariance of B p -norms is a relevant property which is related with a number of remarkable results, such as the characterization of (big) Hankel operators belonging to the Schatten p-class [7] . Another interesting fact says that all Möbius invariant semiBanach spaces X of analytic functions must necessarily satisfy B is the only semi-Hilbert space with such property (see eg [11] ). In higher dimensions, the right setting for these questions is the class of bounded symmetric domains D ⊂ C n (or their unbounded realizations), in which case the rank r of the domain plays a role. When D is the unit ball of C n (ie the case of rank 1), invariant Besov spaces of analytic functions are quite well understood; see eg [12] or [16] . For higher ranks, however, the picture is not yet complete. There is a general theory of analytic Besov spaces in bounded symmetric domains developed by K. Zhu [15] In this paper we are interested in Möbius invariance of Besov spaces in tube domains over cones, that is the unbounded realization of the domains considered by Arazy. More precisely,
where Ω is an irreducible symmetric cone in R n . Analytic Besov spaces in T Ω have recently been introduced in [9] in relation with a difficult and still open problem about boundedness of Bergman projections (see also [8] ). Namely, B p (T Ω ) consists of all functions F ∈ H(T Ω ) so that
where m is a sufficiently large integer, and dλ(z), ∆(y) and 2 denote respectively the Aut(T Ω )-invariant measure in T Ω , the determinant function of the cone, and the generalized wave operator 2 = ∆(
∂ ∂z
) (see §2 for precise definitions). One of the non-trivial questions studied in [9] concerns the smallest number of derivatives m so that the B p -seminorms in (1.2) are all equivalent.
The purpose of this note is to give a proof of the Möbius invariance of B p (T Ω ) spaces, at least in the same range considered by Arazy for bounded domains. Rather than trying to transfer the result from the bounded setting (which does not seem so straightforward to us), we have preferred to give a direct proof in tube domains, based entirely on elementary properties of symmetric cones from the text [10] , and independent of the results in [2, 3] . 
( , which is indeed an admissible exponent when p > 2 − r/n by the results in [9] . In §3 we also give explicit examples showing that n r ∈ N is a necessary condition for (1.4) (see Remark 3.11), but as in the bounded setting we do not know yet whether Möbius invariance may hold in the range 0 < p ≤ 2 − r/n (except of course in the 1-dimensional case).
The proof of the theorem is mainly based on the explicit formula
which in the bounded setting is known as "intertwining formula" of Arazy, ie when ϕ ∈ Aut(D) and D denotes the bounded realization of T Ω (see [2, Theorem 6.4] ). We could not find a reference for (1.5) in the unbounded setting of T Ω , and for this reason we give a proof in Proposition 3.4 below (which is different from Arazy's). We remark that (1.5) is trivial for linear transformations, so the main case becomes ϕ(z) = −z
, for which the identity takes the form
).
In §4 we show a variant of (1.5) with ϕ replaced by the Cayley transform c, which maps conformally D into T Ω . As a consequence we obtain that the Cayley transform actually induces an isometry between B 
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Definitions
We denote by T Ω = R n + iΩ the tube domain in C n based on a cone Ω, which we assume irreducible and symmetric with respect to the usual inner product (·|·) in R n . We write r for the rank of Ω and ∆(y) for the associated determinant function, as in the text [10] .
Consider the (complex) differential operator 2 = ∆( ∂ ∂z ) given by the equality:
2 [e
This is the usual derivative d dz when the rank is 1 (ie, in the upper half plane), and the complex wave operator 2 = 1 4 ∈ N, that is we set 
Some additional notation
As in [10] , we consider V = R n with the Jordan algebra structure induced by Ω, and denote by e its identity element. We shall write G(Ω) for the group of linear invertible transformations of R n which leave the cone Ω invariant, and G for its identity component. It is well known that G acts transitively on Ω, which may be identified with the Riemannian symmetric space G/K, where K is the compact subgroup of elements of G which fix e.
Below we shall use the following invariance property of ∆ and 2 under g ∈ G(Ω):
(see eg [10, p. 56] ) and, for F holomorphic in T Ω ,
The second formula follows from the first and the definition of 2, by writing F (z) as a Fourier-Laplace integral.
Results
Let Aut(T Ω ) denote the group of conformal transformations of the tube T Ω . It is well known (see e.g. [10, Theorem X.5.6]) that this group is generated by is the usual Jordan algebra inverse. The goal of this section is to prove the following: 
where in the last equality we have changed variables and used the Aut(T Ω )-invariance of dλ.
There are two special cases in which the identity (3.2) is easy to show, even when n r is replaced by any integer k ≥ 1; namely, if Φ is a real translation or a linear transformation. Indeed, the first case is trivial since 2 is translation invariant, while for Φ(z) = gz we have, from (2.7) and (2.8),
where z = x + iy. Thus, from now on we will assume Φ(z) = −z −1 . We also observe that, in this case, the analog of (3.2) with n r replaced by any other integer does not hold for general F , as can be already seen in the 1 dimensional setting (see also Remark 3.11 below).
Below we shall prove the following identity for
where the second equality is justified in [10, p. 341]. Thus (3.3) can equivalently be formulated as follows. 
The polynomials in P m are homogeneous of degree |m| = m 1 + . . . + m r . Thus, we must show (3.5) for all F ∈ P m and m ≥ 0, which will be a consequence of the next two lemmas. Below we shall use the following standard notation: given s = (s 1 , . . . , s r ) ∈ C r and k ∈ N,
(see [10, p. 129] ). Here d is the integer satisfying
, which coincides with the dimension of the subspaces V i,j , i < j, from the Peirce decomposition of V .
LEMMA 3.6 Let m ≥ 0 and k a positive integer. Then for all
PROOF: This is a particular case of [10, Lemma XIV.2.1], but we sketch the proof for completeness. It suffices to prove the result for the generators of (2.8) ), we may assume that g is the identity. Then the result follows from [10, Prop. VII.1.6].
2
where
.
PROOF:
We shall obtain the result from the following identity
), y ∈ Ω, (3.10)
valid for all complex numbers α with (α) > n r − 1. The proof of (3.10) for the generators of P m is straightforward and can be found in [10, Lemma XI.2.3]. The identity continues to hold when y is replaced by z/i with z ∈ T Ω . Now, apply the operator 2 k to both sides of (3.10) to obtain
where the last equality follows from a new application of (3.10). Since
= (m + α) k is a polynomial in α, the last expression is holomorphic in C (as a function of α), and hence also valid for α = 0. But in this case we obtain precisely (3.9) . is not an integer only when r is even and d is odd. That is when Ω = Λ n , the light-cone in R n with n odd, or when Ω = Sym + (r, R), the cone of positive definite symmetric matrices with r even (see [10, p. 97] ). Consider the function
which is the only K-invariant polynomial in P m (see e.g. [10, Ch. XI]). Then, by Lemma 3.6,
which is equal to 0 if we choose m r = 0. On the other hand, by Lemma 3.8
which is a non zero function when (m) k = 0. Let us see that we can choose such an index m in each of the two cases described above. When Ω = Sym + (r, R) and r is even, this happens e. 
< ∞ (see [1, 3] ). When p = ∞ or p = 2 one obtains respectively, generalized Bloch and Dirichlet spaces in D, the latter appearing also in the work of Z. Yan [13] . Our main result in this section, which we shall deduce from the identities in §3, is the following. We shall use the following identity, which can be derived easily from (3.5). 
LEMMA 4.3 Let F ∈ H(T Ω ). Then

